
S I M U L A T I N G  M U L T I D I M E N S I O N A L  P R O B L E M S  OF 

H E A T  C O N D U C T I O N  W I T H  P H A S E  T R A N S F O R M A T I O N S  

I .  F .  Z h e r e b y a t ' e v  a n d  A .  T .  L u k ' y a n o v  UDC 681.142.334: 536.2 

The special two-dimensional heat  conduction problem in the solidification of a melt  i l lus t ra tes  
how three-dimensional  problems with moving boundaries can be simulated on an "SEI-2" 
static electr ical  in tegra tor .  

The problem is stated as follows: to calculate the t ransient  tempera ture  fields and the progress  of 
the solidification front in a mel t - so l id  sys tem (Fig. 1). It is  assumed that phase t ransformat ions  of the 
f i r s t  kind occur here ,  that the heat  t r ans fe r  by natural  convection inside the mel t  is  negligible, and that 
the heat t r ans fe r  f rom the surfaces  X = I and Y = 1 to the surrounding medium is both radiative and 
convective. 

Mathematically this  problem reduces to integrating the following sys tem of differential  equations 
{by virtue of the prevail ing symmet ry  here ,  only one quadrant of a cross  section is considered, Fig. 1): 

) ( ) S(o) ae _ a (~(e) ae a ae 
a~ ax -o2 +-g-f 7,(e) - ~  , 

�9 > 0 ,  O < X < I ,  O < Y < I  

with initial and boundary conditions 
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Fig.  1. System of coor-  
dinas 

Thus,  

0(0, X, Y)----f (X, Y), ~(0, X, Y)=0,  (2) 

00 00 [ 

-~ (0) ~ x=o ---- -k ( 0 ) - ~  [Y=O = 0, (3) 

T 4 
- ,  co V --Z'tO)ay =Bi(Osur - -Oamb)4 ~--~ax L ~ - i - ~ ]  - -1  100 2 ] '  (4) 

Y = I 2 1  , 0 ~ X-..< 1, 

_ _  co [(  Tsa r ]4 ( Tamb/4 ] 
- -  •(O) ao = Bi (Or.oB-- Oamb) ~- - -  , (5) 

ax " x ~  \--T60" 1 - \ - ] - 6 T  / j 

X =  I, O~<Y ~.< I, 

t(g(O) grad O)]O=Om--0 - -  ( ~ ( O )  grad O)lO=Om+0, grad ~) +Lm d ~  -- 0 ) 
d* }, (6) 

o(x, Y, ~)=0m) 
~=~(x ,  Y, ~) 

We introduce a new dependent variable 
0 

�9 --- j" ~(o) dO. (7) 
0 

the sys tem of differential equations (1)-(6) can nowbe rewrit ten as 

aOa~_ = a(O) { ~02@ + ~a~q)/'/ (8) 
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Fig.  2. Schematic diagram of the ar i thmetic  units in the static e lec t r ica l  in tegra tor  for  calculating the 
t e m pe r a tu r e  field: on the f i r s t  f ract ion step (k + 1/2) (a) and on the second fract ion step (k + 1) (b) 

�9 > 0 .  0 < X < l ,  0 < Y < I ~ I ,  

�9 (0, X, Y)=  ~(X, Y), ~(0, X, Y)=  0, (9) 

~ OX x=0 - = 0, (10) OY Y=o 

~ [(  r~u~ Y - (  r~m~'] . (11)  0 - ~  =Bi(Osm--Oarnb)-t- ~ ' ~ x  [k 100]  / l O O / J  OY 

Y = 121, O :~X ~< 1, 

009 

OX 
- -  - -  = Bi (O~u r - -  Oam b} ,@ 

~,max L\--i-d-o-} - ~ , - i - d 6 - / l '  
(12) 

X = 1, 0-..~Y~.~12t, 

((grad O) ]o=~m-0 --  (grad O) ]o=~m+0, grad~(X, Y, ~)) +Lm d~ 0 1 
d~ 

(~(X, Y, T)= (I)m ]'t 

~ = [ ( x ,  Y, x). 

(13) 

For  a numer ica l  solution of sys tem (8)-(13) we use the s t ra ight- through computation schedule [1]. 
As a resu l t ,  we obtain the following sys tem of f in i te -d i f ference  equations on the f i r s t  f ract ion step (k + 1 
/2) :  

AT ~ t~n,p --Oka'P) = a  [On,p ) ~(~n--l,p--2On,p ~-On+l ,p) ,  (14) 

q)N,,p - -~N,_l . ,=Bi(O.~, , ,  )AX(O~, - -q)  N,,p / 

~+l  k+-~ k " 

-~ 2 Ax 
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, k+-~ 
r = ~ ~,o + ~ - a  (Oo,~ 2 ) -XT-- (16) 

I I k 1 

0,~+~,~ --q),~ - -  ((:D= - -  (I9~_~,~) = L ~ A X  Az / (17) 

and on the  s econd  f r a c t i o n  s t ep  (k + 1): - 

(@~+1 '~+@~ AY ~ (0k+l~ ~ + 1  9ink+, ,~k+l ), 
- -  09n.p j a \ n,p ~ = \ n,p ) ( n,p--I - ~ n , p  -~- "l~n,p+l 

,~k+i CDk+l 1 AY2 ~0 k+~ ~ + ~  r ), 
"~'n,0 ~ n , l  - F - - " -  a t  n , 0 , ' t  n ,0  - -  

2 Ax 

n,N~ - -  (l)n,)v'~--I : Bi* t n,N~ .P ~w~gqb - -  n,Nz) 

2 A~ 

,~,.~+~ - -  (I),~ - -  (qOm - -  (9 . . . .  l) = LmAY Az " 

(18) 

(19) 

(20) 

(21) 

The  l a s t  t e r m  in E q s .  (15) and (16) r e s p e c t i v e l y  i s  ob ta ined  f r o m  the  h e a t  b a l a n c e  equa t ion  fo r  the  
A X / 2  l a y e r  ad jo in ing  the  X = 1 (or  X = 0) s u r f a c e .  The r e s u l t i n g  s y s t e m  of d i f f e r e n c e  equa t i ons  i s  s i m u l a t e d  
on an " S E I - 2 "  s t a t i c  e l e c t r i c a l  i n t e g r a t o r  [2, 3].  The  a r i t h m e t i c  uni t  fo r  the  f i r s t  f r a c t i o n  s t ep  i s  c o n -  
n e c t e d  in to  a c i r c u i t  shown in F i g .  2a wi th  the  fo l lowing  v a l u e s  of r e s i s t o r s :  

k 1 
+-~ 2 R = i; Ro,~ = zX~a (O~,p ) /AX ; 

k I k+~ (22) 

.~ = 1 2A-~ 2a-~a ( o ~ . ; )  
; Ro,o - ( ~ 1 7 6  " R o , ~ ,  = - -  , k+~, AX ~ AX ~ 

Bi* ~0N~t,  p ) A X  

and fo r  the  s econd  f r a c t i o n  s t ep  in to  a c i r c u i t  shown in F i g .  2b with  the  fo l lowing  v a l u e s  of  r e s i s t o r s :  
1 

R = 1; R0,~ = ATa (| R a Bi* t'-'n.N# AY 
(23) 

t 0 ~ + l ,  , k + I  2Axa (On,N,) 
R0,0 - 2hzat  ~,o ) ; R O , N .  = :  - 

Ay2 - Ay2 

The s i m u l a t i o n  c o n d i t i o n s  (22)-(23) a r e  b a s e d  on the  c o r r e s p o n d e n c e  be tw e e n  the  e q u a t i o n s  of v o l t a g e -  
p o t e n t i a l  d i s t r i b u t i o n  at  the  r e s p e c t i v e  n o d e s  of the  a r i t h m e t i c  c i r c u i t  and the  d i f f e r e n c e  equa t ions  fo r  the  
s a m e  noda l  p o i n t s  in the  n e t w o r k  f i e l d .  

D +~k + (1/2) The  so lu t i on  i s  c a r r i e d  out  in the  fo l lowing  s e q u e n c e :  to the  f r e e  t e r m i n a l  of e a c h  ~ , 0 , n ~ n ,  p ) 

r e s i s t o r s  ( F i g .  2a) one a p p l i e s ,  t h r o u g h  p l u g s ,  a v o l t a g e  p o t e n t i a l  f r o m  the  funct ion  p o t e n t i o m e t e r  R2*) 
which , ._ i s ,numer ica l ly  equal  to  4,n, 1 a t  the  i n s t a n t  of t i m e  T = kay-,  whi le  to  the  f r e e  t e r m i n a l  of each  

R a ( |  ~/2)) r e s i s t o r  one a p p l i e s  a v o l t a g e  p o t e n t i a l  f r o m  the  l i n e a r  p o t e n t i o m e t e r  R1 which  i s  n u m e r i c a l l y  

c~k + (I/2) d e p e n d s  on ~ and | on the  s c a nne d  l a y e r  of t i m e  equa l  to  |  and | + 0 /2) .  S ince  the  va lue  of W e f  t 

i n t e r v a l s ,  i t  i s  n e c e s s a r y  to  c o r r e c t  the  va lue  of  O k + 0/2) and t h i s  i s  a c h i e v e d  by  c o n n e c t i n g  add i t i ona l  
eff  

r e s i s t o r s  R a long  a n u l l - c o m p e n s a t i o n  g a l v a n o m e t e r  to  the  (N 1, p) node  ( F i g .  2a ) .  I t e r a t i o n  i s  then  p e r -  
s + i k + ~ ,  s§ 

f o r m e d  a s  f o l l o w s :  a f t e r  the  (s + 1) - th  i t e r a t i o n  f o r  the  sought  funct ion ~ n ~ (or  ~-k+~ . . . . .  p ),  c o e f f i c i e n t s  
sk+§ 

a(|  and Bi* (| a r e  c a l c u l a t e d  f r o m  the  t e m p e r a t u r e  v a l u e s  ~'n.~ (or  -~k+l _~,~ ) of t he  p r e c e e d i n g  i t e r a t i o n .  

I t  i s  to be no ted  tha t  a change  f r o m  ~ to | (or | ---~) i s  e f f ec t ed  on the  c o m m o n  swi t ch ing  pane l  f o r  p o t e n t i o -  
m e t e r s  R1 and R2 wi th  an a r r a y  of p lug  s o c k e t s  sup .e rposed  in s p a c e .  A f t e r  the  i t e r a t i o n  c y c l e  had been  

* On the  func t ion  p o t e n t i o m e t e r  R2 one s e t s  up the  r e l a t i o n  a c c o r d i n g  to  (7), w h e r e  k = k ( ~  m a y  be  p r e -  
s c r i b e d  in the  f o r m  of an a n a l y t i c a l  r e l a t i o n  o r  f r o m  a t a b l e .  
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completed (two to th ree  i t e ra t ions  a re  usual ly sufficient for  convergence within ~ 0.001 Omax prec i s ion ,  
|  = 1), a vol tage-potent ia l  dis tr ibution numer i ca l l y  equal to r  + (1/2) is  es tabl ished at the nodes of the 

�9 �9 - k  + (1/2) ~nn (1/2) n ,  i a r i thmet i c  c i rcui t  The som~ion ~ = + is  found on the function po ten t iomete r  R2 by the null 
�9 n , l  , 

method, while the sought value of @ k + (i/2) is read on the integrator switching panel (the number of the 
n ,  I 

socket holding the search plug SP is numerically equal to k + (I/2) Thus, the initial temperature dis- 
@n, 1 

tribution and the results of the solution are given in terms of function | although the solution is obtained 
at the nodes of the arithmetic circuit in terms of function r The temperature distribution on lines 
p = 2, 3 . . . . .  N2-1 at times ~- = (k + (i/2))A~- are found analogously. The resulting temperature field will 
serve as the basis on which the temperature on the next fraction step k + 1 will be then determined. For 
this one uses the arithmetic circuit shown in Fig. 2b, which is now moved along the nodal lines parallel 
to the Y axis in the network field. 

When at some nodal point (n, p) a temperature is reached equal to the solidification temperature | 
one connects to the node (m, p), (n, p) of the arithmetic circuit (Fig. 2) an additional resistor Rad d through 
which current I = (1-Vm)/Rad d is fed to this node so as to make the potential at node (m, p), (n, p) equal 
to Cm. The current I is supplied at each fraction step until the equality 

d 
~ ( - ~ . ~ /  ---- Lm AXS (hyz) (24) j , - v m  A--;- 
J \ " , a ( l O /  

will hold t r ue .  

Condition (24) signif ies that  the p h a s e - t r a n s f o r m a t i o n  boundary is  moving to the next nodal point in the 
ne twork  field.  

Exper ience  has shown that  the proposed method is  effect ive in solving two-  and th ree -d imens iona l  
p r o b l e m s  of heat  conduction with moving boundar ies ,  that it s ignificantly reduces  the number  of components  
in the s imulat ing device (by a fac tor  of 1.5~fN, approx imate ly ,  with N denoting the n u m b e r  of nodal points 
in the network field) which would be required  in a r e s i s t ance  network according  to the Liebmann method.  
The application of static e lec t r i ca l  i n t eg ra to r s ,  which c a n n o t m a t c h  digital compu te r s  in t e r m s  of speed 
and p rec i s ion ,  may  prove  useful for  va r ious  kinds of engineer ing  calculat ions when high speed and high 
p rec i s ion  a r e  not the main cons idera t ions .  

X = x / l l  

Y = Y / l l  
AX, AY 
Av 
N1 = l l / A x ;  

N2 = 12/AY; 
(v) = 6 ( t ) / l ,  

~(| = X(U)/Xmax 
c(| = c(U)/cmin 
a(O) = x (o ) / c (O)  

@ = U / U m a x  
T 

| = Um/Umax 
L m = L/cminUma x 
r = k m a x t / p C m i n l ~  

N O T A T I O N  

is the d imens ion less  space coordinate;  
is  the d imens ion less  space coordinate;  
a r e  the i n c r e m e n t s  a longthe r e s p e c t i v e  space  coordinates ;  
i s  the inc remen t  of t ime;  

is  the location of the moving boundary; 
i s  the t he rm a l  conductivity; 
is  the specif ic  heat;  

is  the d imens ion less  t e m p e r a t u r e ;  
is  the t e m p e r a t u r e ,  ~ 
is  the p h a s e - t r a n s f o r m a t i o n  t e m p e r a t u r e s ;  
is  the d imens ion less  heat  of phase  t r ans fo rmat ion ;  
is  the d imens ion less  t ime;  

Bi = a l ~ / k m a x  i s  the d imens ion less  coefficient  of heat  t r ans fe r ;  
Bi* (| = Bi + eff/Xma x .100[(Tsur/100)  3 + (Tsur/100)2(Tamb/100) + (Tsur/100)(Tamb/100)2 + (Tamh/100)3]; 
cr is  the S te fan-Bol tzmann c o n s t a n t ;  
e is  the emisSivi ty;  
p is  the density; 
r is  the defined by Eq.  (7); 

Om_ 

Cm = t k( |174 
0 
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|  = 2~sur -@sur~  
R0, n, Radd, Ra 
R1 
R2 
NG 
SP 

v = u / u 0  
d 

a r e  the r e s i s t o r s  in the a r i thmet ic  c i rcui t ,  r e f e r r e d  to the scale  value R*; 
is  the l inea r  po ten t iometer ;  
is  the function poten t iometer ;  
i s  the nu l l -compensa t ion  ga lvanometer ;  
i s  the s ea r ch  plug; 
i s  the voltage r e f e r r e d  to the voltage of the po ten t iomete r  supply U0; 
i s  the n u m b e r  of t ime  s teps  through which the moving  boundary is  displaced by one 

step on the AX(AY) grid; 

S u b s c r i p t s :  

n = X/AX: 0, 1, 2 , . . .  ,NI ;  
p = Y/AY: 0, 1, 2 . . . . .  N2; 
s u r  

amb 
1~1 

r e f e r s  to surface;  
r e f e r s  to surrounding medium; 
r e f e r s  to phase  t r ans fo rma t ion  ( tempera ture) ;  

S u p e r s c r i p t s :  

k = ~-/A~-: 0, 1, 2, . . .; 
S r e f e r s  to the n u m b e r  of i t e ra t ion .  

i. 

2. 

3. 
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